We study the possibilities on the search of the light and weakly interacting gauge boson in the gauged L µ − L τ model. Introducing the kinetic mixing at the tree-level, the allowed parameter regions for the gauge coupling and kinetic mixing parameter are presented. Then, we analyze one photon plus missing event within the allowed region and show that search for the light gauge boson will be possible at Belle-II experiment. We also analyze neutrino trident production process in neutrino beam experiments.
I. INTRODUCTION
The anomalous magnetic moment of the muon, (g − 2) µ , is one of the most precisely measured and calculated quantities in particle physics. Therefore it can provide a sensitive search for new physics beyond the Standard Model (SM). Over recent decades, there has remained a discrepancy between experimental values [1, 2] and the SM predictions [3] [4] [5] [6] , ∆a µ ≡ a 
which corresponds to 3.6σ deviation from the SM prediction. The discrepancy can be verified in forthcoming experiments that will reduce the uncertainties by about a factor of four [7, 8] .
If the discrepancy is confirmed by the experiments, it will be a clear evidence of new physics beyond the SM. On theoretical side, many extensions of the SM have been proposed to explain this discrepancy so far (see [9, 10] for review and [11] for recent works). Among them, new U (1) gauge symmetries are of particular interest since these are one of the minimal extensions of the SM. To resolve the discrepancy of (g −2) µ in this class of models, the simplest possibility is that muons are charged under the new symmetry while other SM particles are neutral. Then, the muon receives a contribution from the new gauge boson to its anomalous magnetic moment. For the U (1) symmetry to be anomaly-free, the condition, 3B = L e +L µ +L τ , must be satisfied where B is the baryon number and L e,µ,τ are the flavour numbers, respectively.
Among anomaly free U (1) symmetries, the L µ − L τ symmetry is particularly interesting [12] [13] [14] . The models with the L µ − L τ symmetry can provide the large atmospheric mixing as the leading approximation, with some extensions such as adding right-handed neutrinos and new scalar particles to obtain the correct reactor angle of the lepton mixing [15] [16] [17] [18] [19] [20] [21] , and these also can explain the gap in the cosmic neutrino spectrum observed by IceCube [22] [23] [24] [25] . Furthermore, when the interactions between quarks and the gauge boson associated with the symmetry are introduced, the models can explain the anomalies reported by LHCb [26] [27] [28] . Recent studies in the model can be found for neutrino trident production processes [29, 30] , rare Kaon decays [31] , lepton flavour violations [32] and related phenomenologies [20, 21, [33] [34] [35] . For direct and indirect searches of such the gauge boson, new experiments are under preparation [36] [37] [38] . In the previous studies, the result of [29] showed the gauge boson mass and the coupling constant must be lighter than 400 MeV and smaller than 10 −3 without kinetic mixing model. Such the light and weakly interacting gauge boson will be difficult to search in high energy experiments because its production cross sections and decay branching ratios are very suppressed. Therefore, high-luminosity or high-flux experiments like the Belle-II and neutrino oscillation experiments are suitable for the search of such the gauge boson.
The search of light and weakly interacting gauge bosons at the Belle-II experiment has been studied in the context of the dark photon scenario [39, 40] , where the SM fermions interact with the dark photon only through the kinetic mixing with the photon. On the other hand, in the studies on L µ − L τ models mentioned above, the kinetic mixing at tree-level is usually set to be zero by hand. Such the tree-level kinetic mixing, however, is allowed by the symmetries and therefore should be considered simultaneously. In this paper, we consider a model with the gauged U (1) Lµ−Lτ symmetry in the presence of the kinetic mixing, and explore the allowed parameter space for the light and weakly interacting gauge boson. Then, we study the possibilities of search for such the gauge boson in one-photon plus missing event at the Belle-II experiment, and in the neutrino trident production process at neutrino beam experiments. This paper is organized as follows. In section II, we introduce the model with the gauged U (1) Lµ−Lτ symmetry, and show the relevant interactions and decay widths of the L µ − L τ gauge boson. In section III, the experimental constraints and requirements to restrict the model parameters are explained. Then, in section IV, we show the allowed parameter regions of the model. In section V, the possibilities of search for the gauge boson at Belle-II and neutrino beam experiments are discussed. Section VI is devoted to summary and discussions.
We start our discussion with introducing our model. The SM is extended by adding the gauged U (1) Lµ−Lτ symmetry under which muon and tau flavour leptons are charged. The charge assignment of the symmetry is summarized in Table I . Here l µ and l τ represent SU (2) doublets, and µ R and τ R represent SU (2) singlets of muon and tau flavours, respectively. Then, the Lagrangian of the model takes the form of
where L SM and V Lµ−Lτ stand for the SM Lagrangian and the scalar potential responsible for the L µ −L τ symmetry breaking, and Z and B represent the gauge fields of the U (1) Lµ−Lτ and the hypercharge U (1) Y , respectively. The same symbols for their field strengths are used. The gauge coupling constant and the kinetic mixing parameter are denoted as g and , and the U (1) Lµ−Lτ current, J µ Z , is given by Eq. (3) . In this work, we concentrate our discussion on the gauge sector and hence do not specify the potential V Lµ−Lτ . We assume that the L µ −L τ symmetry is spontaneously broken without conflicting experimental constraints such as the SM Higgs couplings to the SM gauge bosons 1 . Therefore, we treat the mass of Z , m Z , as a free parameter. After the electroweak and L µ −L τ symmetries are broken down, the gauge bosons acquire the masses and their neutral components mix each other due to the kinetic mixing. Then the interaction Lagrangian of leptons with the gauge bosons in mass-basis is obtained by diagonalizing their kinetic terms as well as mass terms. Assuming m Z is much lighter than the Z boson mass, the interaction Lagrangian is given by
where J µ EM and J µ NC are the electromagnetic and weak neutral currents of the SM, respectively, and e and θ W are the electric charge and the Weinberg angle. In Eq. (4), we have neglected the terms of order 2 and higher order ones. Such the terms include the interaction of electron neutrinos with Z . As we will show in the following sections, the kinetic mixing parameter and the gauge coupling constant of our interest are smaller than 10 −3 .
Therefore, these terms can be safely ignored in our discussion. The kinetic mixing also can be generated via muon and tau loops, which is two orders of magnitude suppressed than g . We also ignore such the kinetic mixing for simplicity. The decay widths of Z are given by,
III. EXPERIMENTAL CONSTRAINTS
In this section, we explain experimental bounds and requirements to constrain the parameters of the model, g , and m Z .
A. Muon anomalous magnetic moment
As mentioned in the introduction, muons receive contributions from Z to its anomalous magnetic moment. At the one-loop level, the contribution is given by
where m µ is the mass of a muon. We require the contribution Eq.(6) to be within 2σ(3σ), that leads to
B. Neutrino trident production process
The neutrino trident production process is the scattering of a muon neutrino off the Coulomb field of a nucleus (N ), producing two muons in the final state, ν µ + N → ν µ + µ + + µ − +N . This process can occur both in the SM and in the L µ −L τ model. The process offers a sensitive search for the light Z boson as shown in [29, 30] since the SM contributions are much suppressed due to the weak interaction. The experimental search results have been reported by CCFR [43] and CHARM-II [44] collaborations, and the most stringent bound was set by the CCFR experiment,
In [29] , it was shown that the favored parameter region of (g − 2) µ is excluded for m Z > ∼ 400 MeV without the kinetic mixing in the L µ − L τ model. In Sec. IV, we calculated the trident production cross section under the equivalent photon approximation [45, 46] using CalcHEP [47] for photon-neutrino scattering cross section. We found that our cross sections and results are in good agreement with [48] and [29] . We require the Z contribution should be less than 95% C.L. of Eq. (8).
C. Neutrino-electron scatterings
Neutrino-electron scattering tightly constrains g and for a dark photon and a light Z boson [49, 50] . To our model, the constraints from reactor neutrino experiments, e.g. the TEXONO experiment [51] [52] [53] [54] , are irrelevant because the interaction of electron neutrinos with Z is negligibly small. Then, the most stringent constraints come from the Borexino experiment [55] that has measured the solar neutrinos. The 7 Be neutrinos, which is ν e , oscillate to ν µ and ν τ on the way to the Earth and therefore are scattered by electron via Z exchange. In [49] , the constraint from Borexino in a U (1) B−L model was studied. We translate the constraint given in [49] 2 using
0.051 0.158 0.556 0.158 0.082 0.808 0.556 0.808 0.133
where V is the lepton mixing matrix [56, 57] and
f i stands for the fraction of i-th mass eigenstate of 7 Be neutrinos at the Earth [58] .
Here, we assumed the normal hierarchy of neutrino mass spectrum [2] 3 .
D. Beam dump experiment
Dark photon searches at electron beam dump experiments, such as E141 [59] and U70 [60] also restrict the model parameters. The coupling constant and kinetic mixing parameter are allowed when the Z boson decays in a beam dump before it reaches to a detector or it is long-lived so that it penetrates a detector. The latter case corresponds to too small coupling constant and kinetic mixing which can not explain (g − 2) µ . Therefore we consider the former case. The constraint can be translated from the study in the dark photon scenario [61] by
where BD is the kinetic mixing parameter for the dark photon given in [61] .
E. Meson decay experiment
Another dark photon searches were performed at the NA48/2 [62] and E787, E949 [63, 64] experiments in which the signals of the dark photon production were searched from the decays of pion and kaon, respectively. There analyzed the dark photon decay into an electron and a positron in NA48/2 while the decay into invisible particles in E787/E949. The constraints from these experiments give similar bounds and hence we employ the NA48/2 result 4 . Then, the constraint can be translated using
where MD is the kinetic parameters given in [62] .
F. Electron-Positron Collider Experiment
The Z boson can be directly produced in e + -e − collision via the kinetic mixing. The searches for a light gauge boson such as the dark photon have been performed in e + -e − collider [66, 67] , and the most stringent bound is set by the BaBar experiment [68] . The Z boson can decay into charged leptons and be detected as e
The constraint can be translated using
where BaBar is the kinetic mixing parameters in the dark photon given in [68] . Furthermore, the constraint for m Z > 2m µ in the L µ − L τ model without the kinetic mixing was reported in [69] by searching the decay of Z into muons.
G. Electron anomalous magnetic moment
The Z boson also contributes to the magnetic moment of the electron at the one-loop level similar to the muon. The contribution can be obtained by simply setting g = 0 and replacing m µ with the electron mass in Eq. (6) . We require that the Z contribution to the electron magnetic moment (g − 2) e should be within 3σ [70, 71] , ∆a e < ∼ 13.8 × 10 −13 .
IV. ALLOWED PARAMETER REGION
In this section, we show the allowed region of the parameter space in the g -plane taking into account the constraints and requirements explained in Sec. III. Since the constraints and requirements depend on m Z , we choose m Z = 10, 50, 100 and 300 MeV as illustrating examples.
FIG. 1:
The allowed region in the g -plane. In the top and bottom panels, m Z is taken as 10 and 50 MeV, respectively, and in the left and right panels, is positive and negative. The colored regions are excluded by the E141/U70 (yellow), the Borexino (grey), the CCFR (green) and (g −2) e and/or the BaBar (blue) experiments. The red and pink bands correspond to 2σ and 3σ favored regions of (g − 2) µ . Figure 1 shows the allowed region in the g -plane. The mass of Z is taken as 10 MeV and 50 MeV for the top and bottom panels, and the kinetic mixing parameter is taken to be positive and negative for the left and right panels, respectively. In the figure, the yellow, grey and green regions are excluded by the E141/U70 (beam dump), the Borexino (ν-e scattering) and the CCFR (neutrino trident production) experiments. The blue region is also excluded by (g − 2) e and/or the BaBar (e + -e − collider) and/or the NA48/2 (meson decay) experiment. The red and pink bands represent the favored regions of (g − 2) µ within 2σ and 3σ, respectively. Figure 2 is the same plots for m Z = 100 and 300 MeV. From these figures, one can see that the (g − 2) µ favored regions are different with the sign of . In the case of positive (left panels), the favored region of (g − 2) µ is extended to the right-upper corner. This is because the coupling of the muon becomes smaller due to the cancellation between g and . In this region, the constraint from the CCFR experiment can be evaded. Then, slightly larger values of g is allowed for m Z = 100 MeV. In the case of negative (right panels), on the other hand, the coupling becomes larger due to the addition of g and . One can also see that the constraint from CCFR is more stringent in negative than in positive for | | g . In this parameter region, the coupling of the muon is given by − e cos θ W , and therefore the relative phase of the amplitudes for the neutrino trident process is determined by the sign of . Then, the amplitudes are added destructively for positive while constructively for negative . The difference of the excluded region by CCFR comes from this fact.
It is seen that, for g < ∼ 10 such the small g does not change the constraint given in [62, 68] . On the other hand, for m Z = 10 MeV, the allowed region including (g − 2) µ within 3σ is found. One will find similar allowed regions for some values of m Z < ∼ 20 MeV because the constraint from [62] becomes less stringent due to statistical fluctuations. For | | < ∼ 10 −3 , it is seen that the regions with roughly g > ∼ 10 −3 are excluded by the CCFR experiment for m Z < ∼ 100 MeV and the BaBar experiment for m Z = 300 MeV. For m Z = 10 MeV, the E141 experiment also has excluded for g < ∼ 1.3 × 10 −4 , and the Borexino has set the upper limit on < ∼ 2 × 10 −4 . Then, the parameter space is much constrained, however (g − 2) µ within 3σ is still allowed. For m Z > ∼ 50 MeV, the constraints from the beam dump experiments become weaker. These constraints come from that Z is short lived so that it decays before reaching to a detector, as we mentioned in Sec. III. Since the lifetime is inversely proportional to the coupling constant squared times m Z , the coupling constant can be smaller as m Z is larger. This m Z dependence is incorporated in the values of BD given in [61] . The g and dependences of the excluded region can be understood by Eq. (11) . For m Z = 300 MeV, we superposed the constraint on g (the vertical line) read from [69] . Strictly speaking, the constraint depends on . However it may not be so different because g is larger than in this region.
V. LIGHT Z SEARCH AT BELLE-II AND NEUTRINO BEAM EXPERIMENTS
Based on the results shown in Sec. IV, we study the possibilities on the search for the Z boson at the Belle-II and neutrino beam experiments.
A. The Belle-II experiment
The Belle-II experiment is an e + e − collider at the center of mass energy √ s = 10.58 GeV [72] . Its goal is to accumulate the integrated luminosity 50 ab −1 of e + e − collision data during by the middle of the next decade. In e + e − collision, the Z boson can be produced through the kinetic mixing [73] [74] [75] , and then decays into neutrinos, charged leptons and pions. The processes with charged leptons and pions in the final states will be overwhelmed by the SM backgrounds because those can occur by the electromagnetic interaction. The process with neutrinos, on the other hand, occurs by the weak interaction in the SM, and it is suppressed by the W and Z boson mass. Therefore the signal can be comparable to or larger than the background. Furthermore, the signal of the Z production can be characterized by the energy of an associated photon. 5 The energy of the photon is given by where E e ± is the energy of positron and electron, and θ γ is the angle between the photon momentum and the electron momentum. Here we ignored the angle between the positron and electron momenta for simplicity. The Belle-II detector can identify the photon for E γ ≥ 0.1 GeV with the resolution 0.1 GeV and the angle 15
• [72] . With these cuts, the photon energy ranges 4.3 ≤ E γ ≤ 6.9 GeV. Figure 3 shows the differential cross section of e + +e − → γ +Z with respect to the photon energy, E γ . The blue, green and the orange histograms correspond to = 2 × 10 −4 , 2 × 10 −5 and 6 × 10 −6 , respectively. The grey histogram represents the SM background of γ+ missing events, which comes from e + + e − → γ + Z * → γ + ν +ν and also t-channel W exchange one. The mass of Z is fixed to 100 MeV, however the differential cross section is almost independent of the mass for m Z < ∼ 300 MeV. It can be seen from the figure that the differential cross section of the Z production is different from the SM background. The deviations from the background become significant as becomes larger. The expected numbers of events in the last two bins are 1500, 15 and 1.4 for each , respectively while that of the SM background is less than 1. Therefore the search for Z will be possible even for = 6 × 10 −6 by measuring the mono photon events with the E γ > ∼ 6.8 GeV. Figs. 1 and 2, and the red and pink bands represent the favored regions of (g − 2) µ within 2σ and 3σ. The solid cyan and blue curves represent ∆a µ = 10 −10 and 10 −11 for references.
When the planned experiments reduce the uncertainties and if the same-level progresses on theoretical side are made, such smaller contributions to (g − 2) µ might be required. The shape of the contours can be understood as follows. The production cross section of Z is proportional to 2 while the decay branching ratio is proportional to g 2 /(g 2 + 2 + · · · ).
Thus, the total cross section is proportional to 2 g 2 /(g 2 + 2 + · · · ). When is much smaller than g , the total cross section is independent of g . In the opposite situation, g , the cross section becomes independent of . It is important to be noted here that the differential cross section with respect to E γ is the same on each contour even if the branching ratio is different. This is because the shape of the different cross section is determined by the production cross section and the magnitude of that is determined by the total cross section.
The contour of 0.2 ab is close to the case of = 6 × 10 −6 in figure 3 . From the figures 4 and 5, it can be seen that the contour of 0.2 ab covers the region of g > ∼ 2 × 10 −6 and > ∼ 7 × 10 −6 . As discussed in Fig. 3 , the signal is larger than the SM background and hence this region will be explored. Furthermore, the curves of ∆a µ = 10 −10 and 10 −11 are covered in this region. Therefore, not only the present (g − 2) µ favored regions but also smaller ones can be examined by the Belle-II experiment. (red-dashed), and g = 9.5 × 10 −4 (blue-solid), 5.8 × 10 −4 (blue-dashed), respectively. The grey curve represents the SM cross section.
B. Neutrino Beam Experiments
Next we discuss the detection possibilities of the Z boson at neutrino beam experiments through the neutrino trident production process 6 . Figure 6 shows the cross section of the neutrino trident production (left) in the L µ − L τ model and the SM, and the ratio of the cross section to the SM one, R, (right) in terms of the neutrino energy, E ν . We assume an iron target with the mass number 55.0 and the atomic number 26. The kinetic mixing parameter is fixed to = 10 −5 , and the mass is chosen as cm 2 for E ν = 100 GeV while it does to (0.12-1.0) × 10 −43 cm 2 at E ν = 1 GeV. It is also seen from the right panel that the ratio R becomes larger as E γ is lower. This fact suggests that neutrino beams with lower energy have better sensitivity to search for the light Z boson. The ratio is roughly larger than 2 for E ν < ∼ 1.5 GeV for our reference parameters. Since the cross section becomes smaller for the lower energy beam, larger flux is inevitably needed to have enough events. For higher neutrino energies, such as DUNE [37] and SHiP [38] , the detailed study can be found in [30] . In figures 7 and 8, the ratios of the cross section are shown for the same parameters of figures 1 and 2. The values of R are indicated near each curves. The energy of neutrino is taken to be 1.5 GeV which is the same energy at the INGRID detector at the T2K experiment [77] . One can see that the contour curves are different in the left and right panels for each m Z . As explained in Sec. IV, the difference originates from the relative phase between the amplitudes, and is significant for the lower neutrino energy. In the panels, it is seen that the region with g smaller than from the present bound can be searched even for R < ∼ 6 except for m Z = 300 MeV. It is also seen that the same ratio as the CCFR experiment, R < ∼ 1.1, can provide the search for entire region of (g − 2) µ within 3σ for m Z < ∼ 300 MeV and also some part of ∆a µ = 10 −10 .
As mentioned above and in Sec. IV, the Z contribution to the trident production cross section can be positive or negative depending on . In fact, when > g > 0, the Z amplitude is negative and interferes destructively with the SM amplitude. Then, the ratio R can become smaller than the unity. This can not happen in the L µ − L τ model without the tree-level kinetic mixing because the loop induced kinetic mixing is always smaller than g . Figure 9 shows the dependence of R. The mass of Z is taken to be m Z = 50, 100 and 300 MeV for the dotted, dashed and solid curves, and the coupling constant is taken to be g = 10 −4 and 5 × 10 −4 for the red and blue ones, respectively. The neutrino energy is fixed to 1.5 GeV. It is seen that R gradually decreases as increases, and then quickly increases after it reaches at a minimum. This behavior can be understood as follows. The interference term with the SM amplitude is proportional to g − e cos θ W while the absolute square of the Z amplitude is proportional to the square of that. Therefore the total cross section decreases linearly in . After reached at the minimum, the absolute squared term dominates over the interference term and the cross section increases quadratically in . It is also seen that at the minimum is larger as g is smaller. Moreover, it can be seen that the minimum of R is smaller for larger m Z and is independent of g . The minimum is easily obtained by minimizing the total cross section with respect to it, and is given by
) where A and B are independent of g and , and determined by the Z amplitude. Then, using min , the minimum of R is given by R min = 1 −
where σ SM stands for the SM cross section, which is independent of g as well as . Therefore, the minimum is determined only by m Z and E ν .
The neutrino trident production process is sensitive to the sign of for | | g while one photon plus missing search is insensitive to it. Thus, the neutrino beam experiment can provide the different information from the Belle-II experiment. For | | g , the constraint becomes independent of , and hence tight bounds can be set on it. On the other hand, the production cross section of Z at e + e − colliders is proportional to 2 and hence it can not explore the small kinetic mixing region. Thus, the searches for the neutrino trident production process are complementary to the e + e − collider search, and are important to the search for the light and weakly interacting gauge boson.
VI. SUMMARY AND DISCUSSION
We have considered the light and weakly interacting Z boson in the gauged L µ − L τ model, simultaneously taking into account the gauge interaction and the kinetic mixing.
We studied the possibilities on the search for such the Z boson analyzing one photon plus missing (neutrinos) events at the Belle-II experiment and the neutrino trident production process at neutrino beam experiments.
We have shown the allowed region in the g -plane for m Z = 10, 50, 100 and 300 MeV applying various experimental constraints and requirements. Then, the one photon plus missing events from Z decay were analyzed in the allowed region. We showed that the differential cross section in terms of E γ has an characteristic shape, and found the signal can be larger than the SM background for | | > 6.0 × 10 −6 at least at the edge of E γ . Thus, the search for the light Z boson will be possible at the Belle-II experiment. We also showed the cross section for the parameter space in the g -plane that can be explored at the Bell-II experiment.
For the neutrino trident production process, we showed that a neutrino beam with lower energy is more sensitive to the existence of Z . Then, taking E γ = 1.5 GeV, the sensitivity was shown in the g -plane. We found that even the ratio R 6, smaller parameters than the present bound can be explored. When the trident production cross section is measured more precisely, the whole region of (g − 2) µ favored region can be covered. We have shown that the neutrino trident production process is also sensitive to the sign of while the one photon plus missing search is not. Therefore both experiments will be complementary in searching for the light Z boson.
Before closing the summary, two comments are in order. 1) For the search at the Belle-II, e + + e − → multi-γ can also be serious backgrounds if several photons are undetected. The total cross sections of 2-, 3-and 4-gamma final states are roughly estimated as 10 9 , 10 8 and 10 6 ab, respectively. Thus, the expected numbers of the these backgrounds would be much larger than that of the signal events. For two photon in the final state, changing the cut on the photon angle will reduce this background. However, for more photons case, it is not easy to reduce such the events, especially for the cases that only one photon is measured and other photons escape to beam directions. Therefore more detailed study on the background is needed to determined the parameter space to be explored. 2) For the neutrino trident production process, the momenta and angle distributions of the muons are important to discriminate the signal from the background. We leave these for our future works.
